MTH 166

Lecture-27

Directional Derivatives




Topic:
Vector Differential Calculus

L_earning Outcomes:

1. To calculate directional derivatives

2. To find tangent plane to a surface



Directional derivative of a scalar field

Let f(x,y,z) be agiven scalar surface.
Let the given direction be b= byl + b,j+ bsk

Then directional derivative of f in the direction of vector b is given by:

Dy(f) = Vf.b = Vf. (%)

_ A A E b i+b j+ b3l’%
= (el + fyf*fzk) <J(b11>2+<22)2+<b3)2)

Jxb1+fyba+fzb3
V(b1)2+(b2)2+(b3)?




Note:

1. Maximum rate of increase (Minimum rate of decrease) = |Vf|
It occurs in its own direction.

2. Minimum rate of increase (Maximum rate of decrease) = —|Vf]|
It occurs In its opposite direction.



Problem 1. Find the directional derivative of the scalar function (x?y — y%z — xyz)at
the point (1, —1,0) in the direction (i — j + 2k).

Solution. Let f = (x%y — y?z — xyz)

= fo = Qxy —yz),fy = (x* — 2yz — x2), f; = (=y* — xy)

Vf = (il + fyftf;k) = @xy — y2)i + (6 = 2yz — x2)] + (—y* — xy)k

At (1,—1,0): Vf = =20+ j + Ok

Leth = (1 —J + 2k)

D5() = Vf. b =Vf. (=)

Ny a ~\ (i—j+2k) _ -2-1+0 _ -3
= Dz(f) = (=21 +j + Ok). (\;ﬁ) === == Answer.



Problem 2. Find the directional derivative of the scalar function (xyz) at the point
(1,4,3) in the direction of line from (1,2,3) to (1,—1, —3).
Solution. Let f = (xyz)

= fx = (yZ):fy = (x2), f; = (xy)
Vf = (fil + f,) k) = (v2)i + (x2)] + (xy)k

At (1,4,3): Vf = 121 + 3] + 4k

Leth = ((1— DI+ (—=1—2)] + (-3 — 3)k) = 00— 3 — 6k

D-(f) = Vf.b = Vf. (%l)

N n ~\ (0i—-3j-6k 0-9-24  —33 11
= Dz(f) = (1204 3] + 4k).(m) =——=cF=—7 Answer.



Problem 3. Find a direction that gives the direction of maximum rate of increase of
scalar function (3x2 + y? + 2z4) at (0,1,2). Find the maximum rate too.

Solution. Let f = (3x2 + y? + 2z2)

= fx=6x, fy =2y, [,=4z

Vf = (fil + f,j+f,k) = 6xi + 2y] + 4zk

At (0,1,2): Vf = 01 + 2] + 8k

which Is the direction of maximum rate of increase.

Also, Maximum rate = [Vf| = V0 + 4 + 64 = V68 = 2//17 Answer.



Problem 4. Find a direction that gives the direction of minimum rate of increase of
scalar function (x3 — xy? + y3) at (—2,1). Find the minimum rate too.

Solution. Let f = (x3 — xy? + y3)

= fr =3x>—=1, f, =3y*—2xy

Vf = (fil + £,§) = Bx? = Di+ (3y? — 2xy)j

At (—=2,1): Vf = 111 + 7}

Direction of minimum rate of increase= —Vf = —(11£ + 7})

Also, Minimum rate = —|Vf| = —V/121 + 49 = —/170 Answer.



Tangent Plane to a Scalar Surface

Let f(x,y,z) be a given scalar surface.

Then equation of tangent plane to the surface f (x, y, z) at the point Py(xq, Vo, Zg) IS:

(x —x0) fx(Po) + v — y0) f,, (Po) + (z — 2p) f,(Py) = 0

perpendicular vector
grad F"—"(Fx, Fy, Fz)

tangent plane

surface F(x,y.z)=0



Problem. Find equation of tangent plane to surface (x? — 3y? — z% = 2) at (3,1,2).
Solution. Let f = x% — 3y? —z%2 =2

= fie =2x, f, =-6y, f,=-2z

At(31.2):f, =6, f,=—6, f,=—4

Equation of tangent plane is given by:

(x —x0) fx(Po) + (v — ¥0) f,, (Po) + (z — 20) f(Py) = 0
>x-3)6)+(y-1D(=6)+(z—-2)(-4) =0
=>6x—18—6y+6—4z+8=0

= 6x —6y—4z =4

=> 3x —3y—2z=2 Answer.
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